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Abstract-In this paper we extend the results of a previous investigation on the identification of a class of non
linear viscoelastic materials, by generalizing the family of strain-stress histories to be employed in the identi
fication procedure. A thoroughly detailed example is presented using the same plastic material used in the
preceding investigation.

1. INTRODUCTION

IN TWO recent publications [1, 2], we have developed system identification procedures for
nonlinear viscoelastic materials governed by nonlinear Volterra integral equations of the
type

O'(t) = g(e) +f~ h(e(r»f(t - r) dr, (1)

where 0' and e are scalar components of the stress and strain respectively, measured on a
test specimen subject to uniaxial tension or compression. Functions J, g and h may be
given in various parametric forms, in terms of a number of unknown constants. The
identification problem consists of the determination -of those constants by using a number
of experimentally obtained strain and stress histories. In [1] we developed an identification
method applicable for general input-output pairs 0' - e. In [2] we restricted the e-inputs
(or alternatively, the O'-inputs) to be given in terms of one dimensional step functions i.e.
of the form

(2)

where H(t) is the unit step function, and where BiO , i = 1,2, ... K, are various strain levels.
This restriction leads to a simplification in the identification procedure, as might be ex
pected. In fact, in this case we can determine function Jfirst, independently ofg and h; then,
in a second stage of the computational process, we can determine the remaining functions
g and h. The advantage of a decomposition of this type is obvious, but it is made at the
expense of a severe limitation on the input family.
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In this paper we return to consideration of general input-output (CT, e) pairs. By using
a method similar to that developed in [IJ we determine, in an optimal fashion, the con
stants appearing in appropriate parametric expressions of functions j, g and h in equation
(1), for the same polyurethane material studied in [2]. The difference here is that this time
we employ generalized (CT-e) pairs to perform the identification, rather than the one
dimensional e-step functions employed in [2]. In so proceeding we pursue several objectives.
In fact, in addition to furnishing an example of the method developed in [IJ by using data
of a real material, we wish to exhibit the advantages and disadvantages of employing
general, as opposed to specific, input-output pairs, the influence of various parametric
representations offunctionj, and other similar modeling and identification considerations.

2. FORMULATION OF THE IDENTIFICATION PROBLEM

The specific form chosen for equation (1) is given by

i.e. functions f, g and h in (1) are given by

j(t) = C3t-C5

g(e) = c Ie+c2e2
,

h(e) = eeC4
"

(3)

(4)

(5)

(6)

where c = (c), j = 1,2, ... 5, is a constant vector to be determined. To carry out the
identification we are given K pairs of input-output measurements denoted by (a;, 11;),

i = 1,2, ... K. The determination of the unknown vector c is performed by requiring
that the quadratic error functional

K fT.
J(c) = ;~l '1; 0 (11;-CT;)2 dt,

where ~ is the duration of the ith experiment, 11; are suitable weighting factors and where
CT; is given by

CTm = C1ai(t)+c2af(t)+c3 f: a/r)ec4l;(t)(t_,)- C5 d"

be a minimum with respect to every admissible vector c. When the stress outputs l1i(t)
are furnished at discrete values of t, equation (5) will be replaced by the discrete functional

K M

J(c) = I '1i I (l1ik- CTik f,
i~ 1 k~ 1

3. SOLUTION METHOD-QUASILINEARIZATION

(7)

The solution of the optimization problem posed in the last section can be obtained by
using a Gauss-Newton procedure as described in [1]. Similar equations may be obtained



Modeling, identification and prediction of a class of nonlinear viscoelastic materials (II) 1433

by quasilinearization. In fact, regarding ai given by (6) as a function of the unknown vector
c, and quasilinearizing only with respect to c, we obtain

(8)

where (a,b) denotes the inner product of vectors a and b, grad a!n) stands for the gradient

grad a!n) = (~:~::), (9)

and where Llc<n + 1) is the correction needed to upgrade the estimate c<n) at the (n + 1)th
iteration, i.e.

(10)

Clearly, a~n) denotes the value of aj in (6) evaluated at c = c(n). The vector grad a!n) can be
evaluated by differentiation in equation (6), yielding

f ei(r)eC~");:'(t)(t-T)-C~")dT

c~) f ef(T)eC~");:i(t)(t-T)-C~")dT
(11)

Now, substitution a!n+ 1) given by (8) in the equation (5) and minimization with respect
to Llcn+ 1 yields

(12)

a linear system of algebraic equations in the five components of vector Llc<n+ 1), the cor
rection of c at the (n + 1)th iteration. This process is quadratically convergent, if con
vergent at all. The process starts by using a convenient initial guess for the unknown
vector c<0). An appropriate choice of c(O) may considerably speed up the calculations. In
general, some a priori knowledge of the class of material to be identified permits the con
struction of a suitable initial approximation. When no information at all is available, we
may take c<0) ~ O. This is what we assume in the examples presented in this paper.

4. COMPUTATIONAL ASPECTS

If with «(1.)7)), j = 1, 2, ... 5, we denote the 5 x K matrix whose columns are vectors
grad aln

), i = 1,2, ... K, then equation (12) may be compactly written

(13)
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where A(n) is the symmetric 5 x 5 matrix whose elements ajk are given by

K fT'dn
k

) = d
k
n) = '\' 11. cl~)(X<k~) dt

J J ~ 'Il JI I ,

i= 1 0

k,j = 1,2, ... 5, (14)

and where b(n) is the vector whose components are given by

K fT'b(·n) = '\' 11. (a. - O'!n»)(l~) dt
J ~ °0 I I )1 .

i= 1 0

(15)

The evaluation ofthe quantities a}~) and bjn) can be conveniently reduced to the solution
of an initial value differential system. The central idea involved here is to reduce the com
putation of the convolutions appearing in the expressions for O'!n) and grad O'!n), given by
equations (6) and (11), respectively, to the solution of a system of ordinary differential
equations subject to initial conditions. This can be achieved by using differential ap
proximation to approximate the kernels of the convolutions to sums of exponentials as
described in our previous paper [2J, and by a subsequent reduction of the integral equations
with the approximate kernels, to a system of ordinary differential equations as described
in [1]. Following these lines we can compute all the quantities involved in equation (13)
using no storage of auxiliary quantities. For the sake of conciseness we shall not give the
details of those procedures here.

5. IDENTIFICATION OF SOLID POLYURETHANE

In [2J we have performed the identification of solid polyurethane, a polymer material
experimentally investigated by Lay and Findley in [3J, by using a model of the form

(16)

where f is a function that satisfies the Nth order differential equation

(17)

with known initial conditions. The problem consisted in the optimal determination of the
unknown constants k l , k2 , d, ao, a l , ... aN - l , from a number of given experimental (0', c;)
histories. In that investigation, only c;-inputs such as (2) i.e. only relaxation tests at various
constant strains, were allowed for identification purposes. In the present investigation we
relax that requirement and, in fact, we allow for general input-output pairs. The model to be
used here is that given by equation (3). We observe that both models are similar, differing
only in the parametric representation of the kernelf. In equation (16) we use a differential
equation such as (17) for f, while in equation (3) we employ the expression

(18)

in terms of two unknown constants.
The following strain histories:
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Strain history I

Strain history II

e(t) =

4·333H(t) x 10- 3 in.jin.,

6·500H(t) x 10- 3 in.jin.,

8·666H(t) x 10- 3 in.jin.,

10·833H(t) x 10- 3 in.jin.,

t ~ 2,

t ~ 2,

t ~ 2,

t ~ 2,

(19)

e(t) = 4·333[H(t)+H(t-2)-H(t-3)] x 10- 3 in.jin.,

Strain history III

e(t) = [10·833H(t) - 4·333H(t - 2)] x 10- 3 in.jin.,

t ~ 4,

t ~ 3,

(20)

(21)

whose corresponding stress histories have been experimentally determined at constant
temperature and given in [3], were used for identification purposes. A computer program,
based in the theory previously developed, was written such as to deal with general (e, a)
histories. Here no use was made of the fact that the e-histories are given by piecewise
constant functions.

In order to facilitate the comparison of our present results with those obtained in [2],
two separate identifications were carried out. In the first one we employed the four strain
histories I, while in the second one we used concurrently the strain histories II and III.
Using the two sets of five parameters determined in both identifications, we subsequently
proceeded to predict the stresses associated with the strain histories I, II and III, in order
to check the predictive ability of the model, relative to the information used for its identi
fication. The resulting stresses obtained using the parameters determined with the data
I are denoted by D1 while those obtained using the parameters determined with data II
and III, are denoted by D 2 • In the figures, "L and F" indicates the results ofLai and Findlay
given in [3].

6. NUMERICAL RESULTS

For computational purposes, the data was prepared as follows. The strain histories
were entered using the analytical expressions given by (19), (20) and (21), where time is
given in hours. The stresses were determined graphically, by directly measuring the cor
responding ordinates in appropriately enlarged pictures of the drawings in reference [3].
The values of t for which the ordinates were measured are not equally spaced. Forty-three
points in each experiment were measured in the stress histories I, seventy-one in the stress
history II and sixty in the stress history III.

The values of the unknown constants C1 , C2 .•• CS ' obtained in the two identifications
are given in Table 1. It is noted that both identifications have been performed using the
same initial approximation and the same lower and upper permissible limits. To reach
the same convergency rate, given by

j
c<.n+1 l _ c <.n l !

J J < 10- S
(n+ 1l - ,

Cj
j = 1, ... ,5,



1436 NESTOR DISTEFANO and RICARDO TODESCHINI

TABLE 1.

Identification using (0-, s) histories

Parameter

c t [10 2 ksi]
c2[104 ksi]
c3[102 ksijhr l -<']
c4 [10 2

]

C5

Lower Upper
Initial permissible permissible I II and III

approximation limit limit (17 iterations) (22 iterations)

0·01 5·2358 5·1141
0·01 -0·39263 -0·25744

-0·0099 -0·055363 -0·032759
0·01 0·01 10·0 0-47245 1·0676
0·01 0·01 0·999 0·75872 0·74664

the identification employing data I needed 17 iterations, while the one employing data II
and III needed 22 iterations.

TABLE 2

Stress-strain
history

Mean square stress error [10- 5]
obtained using parameters identified with data

II and III

s = 4·333 X 10- 3

s = 6·500 x 10- 3

s = 8·666 X 10- 3

s = 10·833 x 10- 3

II
III
Total mean square error

1·19
5·16

13·36
7·16

42·49
38·04

107·40

6·36
6·27

47·37
18·38
14·20
13·90
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FIG. 1. Prediction of relaxation stresses under strain history I.
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The predictive ability of both identifications may be measured by the mean square
stress error given by L~= 1 (ar:ed

- alk'P)2/R and displayed in Table 2 on previous page. The
stress histories predicted by both sets of parameters have been graphically displayed in
Figs. 1-3.
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FIG. 2. Prediction of stresses under variable strain history II.
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FIG. 3. Prediction of stresses under variable strain history III.
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7. CONCLUDING REMARKS

We have performed the identification of solid polyurethane using various experi
mentally given stress-strain histories. The interest of procedures of this kind lies in its
generality, since to perform the identification there is no need to provide inputs of any
special class. This flexibility results in a uniform improvement of the overall predictive
quality of the model. Compare for example the results displayed in Figs. 1-3 with those
appearing in the corresponding figures of Ref. [2].
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A6cTPSKT-B pa601e npHMeHReTCH HenHHeHHoe HHTerpanbHoe ypaBHeHHe BonbTeppbl !'lnR H306paJl(eHHIl
HeKOToporo Knacca HenHHeHHblX B1l3KoynpyrHx MaTepHanOB, nOnaepJl(eHHblX lleHCTBHIO OllHOOCHblX
3<!l<!leKToB. Ha OCHoae onTHManH3aUHH, HaXO!'lHTCR '1HCnO HeH3BeCTHblX napaMeTpOB, npOllBnlllOWHXCli
B MaTeMaTH'IeCKOli CTpyKType MOllenH. KOTopble KacalOTCli CBelleHHll 110 MI1HHMyMa <!lYHKUHOHana Hall
MeHbWHX KBallpaTOB, 113 Bcex 3KcnepHMeHTanbHbiX llaHHbiX. npellnonaraeTCli 'ITO 3TH llaHHble BblpaJl(alOTCli
HcnbITaHI111MIl penllKcaUHH. llnll pa3HbiX YPOBHeH lle<!lopMaUHH. npOBeplieTCli npellCKa3aHHali cnoc06HOCTb
MOllenH, nyTeM npl1MeHeHHR 3KcnepHMeHTanbHbiX L\aHHbIX, npellnOJl(eHHblX B/lO/. OKOH'laTenbHO. cpaB
HI1BalOTCR pe3ynbTaTbi C TaKHMH-JI(e, co06weHHblMIl <1>HHllnelioM 11 ]lllll. KOTopble nonb30BanllCb KpaTHOH
J1HTerpanbHoli MOllenblO, Il TaKJI(e C L\aHHblMH H3 3KCnepI1MeHTOB.


